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Abstract. We discuss the relativistic kinetic theory for a simple, collisionless, charged gas propagating on an arbitrary curved
spacetime geometry. Our general relativistic treatment is formulated on the tangent bundle of the spacetime manifold and takes
advantage of its rich geometric structure. In particular, we point out the existence of a natural metric on the tangent bundle
and illustrate its role for the development of the relativistic kinetic theory. This metric, combined with the electromagnetic
field of the spacetime, yields an appropriate symplectic form on the tangent bundle. The Liouville vector field arises as the
Hamiltonian vector field of a natural Hamiltonian. The latter also defines natural energy surfaces, called mass shells, which
turn out to be smooth Lorentzian submanifolds.
A simple, collisionless, charged gas is described by a distribution function which is defined on the mass shell and satisfies
the Liouville equation. Suitable fibre integrals of the distribution function define observable fields on the spacetime manifold,
such as the current density and stress-energy tensor. Finally, the geometric setting of this work allows us to discuss the
relationship between the symmetries of the electromagnetic field, those of the spacetime metric, and the symmetries of the
distribution function. Taking advantage of these symmetries, we construct the most general solution of the Liouville equation
an a Kerr-Newman black hole background.
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INTRODUCTION
Many astrophysical or cosmological configurations involve the interaction of charged particles and electromagnetic
fields on a background gravitational field. This setting can describe configurations such as pulsar magnetospheres,
accretion flows on black holes and the complex dynamics of the primordial plasma. Moreover, the spectra of many
active galactic nuclei or supernova remnants are interpreted as synchrotron radiation emitted by charged relativistic
particles (electrons) gyrating around the magnetic field lines. Depending upon the prevailing physical conditions, the
ideal MHD regime, formulated on a curved spacetime, provides a reliable description. In other scenarios, the overall
electric neutrality of the fluid component is a poor approximation and thus methods of relativistic kinetic theory are
becoming relevant. In particularly, the relativistic version of the Vlasov equation plays a central role for the description
of the charged component.
In two recent articles [1, 2], motivated by early work by Synge, Israel and Ehlers [3, 4, 5, 6, 7, 8], we gave
a mathematically oriented introduction to the relativistic kinetic theory of gases. In [1], we developed the kinetic
theory of a relativistic simple gas, that is a collection of neutral, spinless classical particles of the same positive
rest mass m > 0. This development was based on ideas of symplectic geometry and Hamiltonian dynamics and
the starting point in this construction, was the Poincaré one-form Θ defined on the tangent bundle T M associated
with the spacetime (M,g). This form induces a symplectic structure on the tangent bundle and this combined with a
natural Hamiltonian gave rise to the Liouville vector field L on TM. The Hamiltonian function defines suitable energy
surfaces Γm on TM referred to as mass shells, having the property that when L is restricted to these mass shells,
the projections of the integral curves of L on the spacetime manifold M define a family of future directed timelike
geodesics. In this framework the gas is described by a distribution function f defined on the associated mass shell
Γm. For a simple, collisionless gas, the distribution function f obeys the Liouville equation L[ f ] = 0 and leads to a
set of observables whose construction and properties are discussed in [1]. As a further application of the symplectic-
Hamiltonian framework, the kinetic theory of a relativistic, simple, charged gas was also developed. For this system, a
generalized Poincaré one-form that gets a contribution from the background electromagnetic field is sufficient for the
development of the theory.
In the second work [2], we presented an alternative formulation of relativistic kinetic theory which complements
the symplectic-Hamiltonian approach in [1]. The starting point in [2] was the splitting of the tangent space of T M
into horizontal and vertical subspaces induced by the Levi-Civita connection of the spacetime manifold (M,g). This
splitting leads to the presence of a natural metric gˆ on TM and an almost complex structure which together lead to
the introduction of the Liouville vector field L which is horizontal by construction. The metric gˆ and the Liouville
vector field give rise to the Hamiltonian function H := gˆ(L,L)/2 on T M and associated mass shells Γm which are
Lorentzian submanifolds of TM. Accordingly, there is a natural volume form on Γm which allows us to define integrals
of functions on the mass shell. In this approach the distribution function f associated to a simple gas is again defined
on the mass shell Γm, but presently in combination with the Liouville vector field L can be viewed as describing
a fictitious incompressible fluid on Γm with associated current density J = f L/m. For a collisionless gas J is
divergence-free and it follows from Liouville’s theorem that the distribution functions f obeys the Liouville equation
L[ f ] = 0. Furthermore, the current density J on Γm gives rise to a physical current density J on the spacetime manifold
(M,g). This physical current represents the first moment of the distribution function through a fibre integral. Higher
moments of the distribution function can be constructed in an analogous way and shown to be conserved as well. Of
particular relevance is the second moment which gives rise to the stress-energy tensor that allows one to couple gravity
to the kinetic gas through Einstein’s field equations.
The insights gained from this geometric formulation of kinetic theory are helpful in various aspects. Primarily, they
lead to a clear understanding of the relationship between the symmetries of the spacetime manifold (M,g) and those
of the distribution function f . This connection has been exploited in [2] where the most general spherically symmetric
distribution function on an arbitrary spherically symmetric spacetime manifold has been discussed. Moreover, in [2],
the most general solution of the Liouville equation on a Kerr black hole background has also been derived.
In view of the benefits and the complementary insights that the geometrical approach in [2] offers in the description
of the kinetic theory, in this paper we employ this approach to discuss the kinetic theory of relativistic simple charged
gases. Although for such cases, the spacetime (M,g) contains a nonvanishing electromagnetic field F and thus the
gas particles do not any longer move on the geodesics of the background spacetime, nevertheless the kinetic theory
can be deduced again from the splitting of the tangent space of T M into horizontal and vertical subspaces induced
by the Levi-Civita connection of the spacetime manifold (M,g). In particular, the bundle metric gˆ is not affected by
the electromagnetic field F . However, the symplectic form is modified by the pull-back pi∗F of F with respect to the
natural projection pi : T M →M. This symplectic form, combined with the same Hamiltonian as in the uncharged case,
gives rise to the Liouville vector field LF which now contains a vertical component related to the electromagnetic
field F . As for the uncharged case, the Hamiltonian H defines the mass shell Γm on which the integral curves of
LF are restricted. The bundle metric gˆ induces a Lorentzian metric on Γm on which the Liouville vector field LF is
divergence-free. The distribution function f is defined as a nonnegative function on Γm, which together with LF , can
be thought of as defining a fictitious incompressible fluid on Γm with current density JF = f LF/m. As we discuss, the
splitting of JF into horizontal and vertical components resembles the familiar decomposition of the current density
into advection and conduction currents. For a simple, collisionless, charged gas the distribution function satisfies the
Liouville (or Vlasov) equation LF [ f ] = 0. As for the uncharged case, suitable fibre integrals of the distribution function
define observable fields on the spacetime manifold such as the current density and stress-energy tensor. Finally, the
geometric setting of this work allows us to discuss the relationship between symmetries of the electromagnetic field,
those of the spacetime metric g and symmetries of the distribution function f . As an application of this analysis, we
discuss the Liouville equation LF [ f ] = 0 on a Kerr-Newman background describing a charged, rotating black hole
configuration. Based on symmetry considerations and the separability of the Hamilton-Jacobi equation, we show that
the Liouville vector field can be trivialized by means of a suitable symplectic transformation on the tangent bundle
and this result generalize the method discussed in Ref. [2] valid for the case of uncharged gases.
As in the previous papers [1, 2], we develop the theory assuming a spacetime (M,g) of an arbitrary dimension
n ≥ 2 and use the same notations and conventions as in [1, 2]. Specifically, (M,g) denotes a C∞-differentiable, n-
dimensional Lorentzian manifold with the signature convention (−,+,+, . . . ,+) for the metric. We use the Einstein
summation convention with Greek indices µ ,ν,σ , . . . running from 0 to d = n− 1 and Latin indices i, j,k, . . . running
from 1 to d. For any C∞- differentiable manifold N, X (N) denotes the class of C∞-differentiable vector fields. The
operators iX and £X refer to the interior product and Lie derivative, respectively, with respect to the vector field X .
Round brackets enclosing indices refer to total symmetrization, for example v(i j) := (vi j + v ji)/2. We use units for
which c = 1.
GEOMETRY OF THE TANGENT BUNDLE
In this section, we briefly review the basic geometric properties of the tangent bundle T M of an arbitrary, n-
dimensional spacetime manifold (M,g). In particular, we discuss the splitting of the tangent space at any point of
T M into a horizontal and a vertical subspace and the canonical bundle metric gˆ on T M induced by this splitting.
Moreover, we introduce an appropriate symplectic form on TM. As it turns out, both of these structures provide
the building blocks for the formulation of relativistic kinetic theory. Specifically, the metric allows us to define an
integration theory on submanifolds of T M which is essential for the invariant definition of the distribution function.
The symplectic form provides the means for the Hamiltonian formulation of the theory.
Let TxM denote the vector space of all tangent vectors p at some event x ∈M. The tangent bundle of M is defined as
T M := {(x, p) : x ∈M, p ∈ TxM},
with the associated projection map pi : TM → M, (x, p) 7→ x. The fibre at x ∈M is the space pi−1(x) = (x,TxM) which
is naturally isomorphic to TxM. The first basic property of the tangent bundle is described in the following lemma.
Lemma 1. TM is an orientable, 2n-dimensional C∞-differentiable manifold.
For a proof, see Ref. [9] or Refs. [1, 2]. The idea is to start with local coordinates (xµ) on an open subset U of
M. Then, we associate to each point (x, p) ∈ V := pi−1(U) the coordinates (xµ , pµ) with xµ the coordinates of x and
pµ := dxµx (p). We call (xµ , pµ) adapted local coordinates; the associated basis of the tangent and cotangent spaces of
T M at (x, p) ∈V are {
∂
∂xµ
∣∣∣∣
(x,p)
,
∂
∂ pµ
∣∣∣∣
(x,p)
}
,
{
dxµ
(x,p),d p
µ
(x,p)
}
.
Splitting into horizontal and vertical subspaces
For a given spacetime manifold (M,g) there exist two natural projection maps T(x,p)(T M)→ TxM which assign
to each tangent vector X ∈ T(x,p)(T M) a unique tangent vector in TxM. These maps define a natural splitting of the
tangent space T(x,p)(T M) = H(x,p)⊕V(x,p) at any point (x, p) ∈ T M, where H(x,p) and V(x,p) are called the horizontal
and vertical subspace, respectively.
The first projection map arises through the push-forward of the map pi : TM → M, which induces the map
pi∗(x,p) : T(x,p)(T M)→ TxM. It is a simple matter to verify that in adapted local coordinates (xµ , pµ) we have
pi∗(x,p)
(
X µ(x, p)
∂
∂xµ
∣∣∣∣
(x,p)
+Y µ(x, p)
∂
∂ pµ
∣∣∣∣
(x,p)
)
= X µ(x, p)
∂
∂xµ
∣∣∣∣
x
for any vector field Z = X µ ∂∂xµ +Y
µ ∂
∂ pµ on T M. At any point (x, p) ∈ T M, the vertical subspace V(x,p) of T(x,p)(T M)
is defined as the following n-dimensional subspace of T(x,p)(T M):
V(x,p) := kerpi∗(x,p) = {Z ∈ T(x,p)(T M) : pi∗(x,p)(Z) = 0}. (1)
In terms of adapted local coordinates V(x,p) is generated by the vectors ∂∂ pµ
∣∣∣
(x,p)
, µ = 0,1, . . .d.
The second projection map K(x,p) : T(x,p)(T M)→ TxM, called the connection map (see Refs. [10, 11]), makes use of
the Levi-Civita connection ∇ of the background spacetime (M,g) and is defined as follows: let γ(λ ) = (x(λ ), p(λ ))
be a smooth curve in TM through (x, p) with tangent vector Z at (x, p), that is, γ(0) = (x, p) and γ˙(0) = Z. The curve
γ(λ ) gives rise to the curve x(λ ) in M and the vector field p(λ ) along it, see Figure 1. Then, we define
K(x,p)(Z) :=
d
dλ τ0,λ p(λ )
∣∣∣∣
λ=0
= (∇x˙(0)p)x, (2)
where τ0,λ : Tx(λ )M → TxM denotes the parallel transport operator along x(λ ). In terms of adapted local coordinates
(xµ , pµ) one can show that
K(x,p)(Z) =
[
Y µ +Γµ αβ (x)Xα pβ
] ∂
∂xµ
∣∣∣∣
x
, Z = X µ
∂
∂xµ
∣∣∣∣
(x,p)
+Y µ
∂
∂ pµ
∣∣∣∣
(x,p)
,
where Γµ αβ denote the Christoffel symbols.
p(λ)
γ(λ)
M
x
x(λ)
Px
TM
(x, p)
p
FIGURE 1. The curve γ(λ ) on T M which gives rise to the curve x(λ ) on M and the vector field p(λ ) along it.
It is a simple matter to verify the following Lemma.
Lemma 2. The connection map K(x,p) : T(x,p)(T M)→ TxM satisfies:
(i) K(x,p) is a linear map.
(ii) H(x,p) := kerK(x,p) is a n-dimensional subspace of T(x,p)(T M).
(iii) H(x,p)∩V(x,p) = {0}.
The horizontal space H(x,p) is generated by the following n tangent vectors:
eµ
∣∣
(x,p) :=
∂
∂xµ
∣∣∣∣
(x,p)
−Γα µβ (x)pβ
∂
∂ pα
∣∣∣∣
(x,p)
, µ = 0,1, . . .d, (3)
so that {eµ
∣∣
(x,p) ,
∂
∂ pµ
∣∣∣
(x,p)
} is a basis of T(x,p)(T M) adapted to the splitting T(x,p)(T M) = H(x,p)⊕V(x,p). The corre-
sponding dual basis is given by {dxµ
(x,p),θ
µ
(x,p)} with
θ µ
(x,p) := d p
µ
(x,p)+Γ
µ
αβ (x)pβ dxα(x,p), µ = 0,1, . . .d. (4)
The vector fields eµ and ∂∂ pµ satisfy the following commutation relations which will be useful later:
[eµ ,eν ] =−Rα β µν pβ
∂
∂ pα ,
[
eµ ,
∂
∂ pν
]
= Γα µν
∂
∂ pα ,
[ ∂
∂ pµ ,
∂
∂ pν
]
= 0, (5)
where Rα β µν denotes the curvature tensor on (M,g).
As a consequence of Lemma 2, any tangent vector Z ∈ T(x,p)(T M) can be uniquely decomposed as
Z = ZH +ZV , ZH ∈ H(x,p), ZV ∈V(x,p), (6)
where the horizontal and vertical components can be written as
ZH = X µ eµ
∣∣
(x,p) , Z
V = Y µ
∂
∂ pµ
∣∣∣∣
(x,p)
, (7)
with X µ = dxµ
(x,p)(Z) and Y
µ = θ µ
(x,p)(Z). The natural splitting of the tangent space into horizontal and vertical
subspaces yield the following linear isomorphisms:
IH(x,p) := pi∗(x,p)
∣∣
H(x,p)
: H(x,p) → TxM, (8)
IV(x,p) := K(x,p)
∣∣
V(x,p)
: V(x,p) → TxM, (9)
which allows us to identify each of the two spaces H(x,p) and V(x,p) with the tangent space TxM. As a consequence, we
can introduce an almost complex structure on TM which rotates horizontal vectors into vertical ones and vice versa.
More specifically, it is defined as the linear map J(x,p) : T(x,p)(T M)→ T(x,p)(T M), satisfying J2 =−1, given by
J(x,p)(Z) = J(x,p)(ZH +ZV ) := (IV(x,p))
−1 ◦ IH(x,p)(Z
H)− (IH(x,p))
−1 ◦ IV(x,p)(Z
V ) (10)
for all Z ∈ T(x,p)(T M). In terms of the basis vectors {eµ
∣∣
(x,p) ,
∂
∂ pµ
∣∣∣
(x,p)
} of T(x,p)(T M) the maps IH(x,p), I
V
(x,p) and J(x,p)
have the following representations:
IH(x,p)
(
X µ eµ
∣∣
(x,p)
)
= X µ
∂
∂xµ
∣∣∣∣
x
, (11)
IV(x,p)
(
Y µ
∂
∂ pµ
∣∣∣∣
(x,p)
)
= Y µ
∂
∂xµ
∣∣∣∣
x
, (12)
J(x,p)
(
X µ eµ
∣∣
(x,p)+Y
µ ∂
∂ pµ
∣∣∣∣
(x,p)
)
=−Y µ eµ
∣∣
(x,p)+X
µ ∂
∂ pµ
∣∣∣∣
(x,p)
. (13)
As seen from these expressions, the operators IH(x,p), I
V
(x,p), J(x,p) are smooth in (x, p).
The canonical bundle metric
Based on the splitting of the tangent space of T M into horizontal and vertical subspaces, the spacetime metric g
induces a natural metric gˆ on T M. In the context of Riemannian manifolds the metric gˆ was introduced a long time
ago by Sasaki [12]. Its relevance for the description of relativistic kinetic theory was pointed out in [2], where a simple
uncharged gas was treated. In this work we show that the metric gˆ also plays an important role in the description of a
simple charged gas.
In terms of the Lorentzian metric g on the base manifold, the push-forward of pi and the connection map K the
metric gˆ is defined as
gˆ(x,p)(Z,W ) := gx(pi∗(x,p)(Z),pi∗(x,p)(W ))+ gx(K(x,p)(Z),K(x,p)(W )), (14)
for all Z,W ∈ T(x,p)(T M). In terms of the basis covectors {dxµ |(x,p) , θ µ |(x,p)} of T ∗(x,p)(T M) defined in Eq. (4) the
canonical bundle metric gˆ has the representation
gˆ(x,p) = gµν(x)dx
µ
(x,p)⊗ dx
ν
(x,p)+ gµν(x)θ
µ
(x,p)⊗θ
ν
(x,p), (15)
where gµν(x) are the coordinate components of g. The most important properties of this metric are summarized in the
following Lemma.
Lemma 3. The canonical bundle metric gˆ is a semi-Riemannian metric satisfying:
(i) The signature of gˆ is (2,2n− 2).
(ii) The splitting in Eq. (6) is orthogonal with respect to gˆ, that is, gˆ(x,p)(ZH ,ZV ) = 0 for all ZH ∈ H(x,p) and
ZV ∈V(x,p).
(iii) The metric gˆ is invariant with respect to the almost complex structure J defined in Eq. (10): gˆ(x,p)(J(Z),J(W )) =
gˆ(x,p)(Z,W ) for all Z,W ∈ T(x,p)(T M).
For later use, we note that the bundle metric gˆ induces a natural volume form on the tangent bundle T M, given by
ηT M :=−det(gµν)dx0∧ . . .∧dxd ∧d p0∧ . . .∧d pd . (16)
For further properties of the Sasaki metric we refer the reader to [12, 11, 2].
The symplectic form
So far, all the results regarding the geometry of the tangent bundle were the natural outcomes of the invariant
splitting of the tangent space of the tangent bundle, which in turn relied on the metric and the associated Levi-Civita
connection on the base manifold M. For the next result, we shall make use also of a closed two-form field F on the
base manifold M. This field represents a background electromagnetic field on M and will play an important role in the
description of charged relativistic gases. Specifically, g and F define a particular symplectric two-form ΩF on T M.
Recalling the almost complex structure J defined in Eq. (10), we define ΩF as
ΩF(Z,W ) := gˆ(Z,J(W ))+ q(pi∗F)(Z,W ), (17)
for two vector fields Z and W on T M, where pi∗F denotes the pull-back of F with respect to the projection map
pi : T M → M and q is a constant representing the charge of the gas particles. In terms of the basis covectors
{dxµ |(x,p) , θ µ |(x,p)} of T ∗(x,p)(T M) defined in Eq. (4) the symplectic form can be written as
ΩF = gµνθ µ ∧dxν +
q
2
Fµνdxµ ∧dxν = gµνd pµ ∧dxν +
∂gµν
∂xα p
µdxα ∧dxν + q
2
Fµνdxµ ∧dxν . (18)
Using the properties of the bundle metric gˆ it is not difficult to check that ΩF is antisymmetric and non-degenerated.
Moreover, ΩF is closed since ΩF = dΘA where the one-form ΘA on the tangent bundle is defined as [1]
ΘA(x,p)(X) := gx(p,pi∗(x,p)(X))+ qAx(pi∗(x,p)(X)) (19)
for X ∈ T(x,p)(T M), with A a vector potential such that F = dA. It should be mentioned that in the uncharged case
q = 0 the symplectic form in Eq. (17) reduces to the form Ωs introduced in Ref. [1, 2], and the one-form ΘA reduces
to the Poincaré one-form on T M.
In view of Liouville’s theorem below, an important property of the symplectic form ΩF is provided by the following
relation:
Lemma 4. Let ηT M be the volume form on T M induced by the bundle metric gˆ, see Eq. (16). Then,
ηT M =−
(−1)
n(n+1)
2
n!
ΩF ∧ΩF ∧ . . .∧ΩF , (n-fold product). (20)
Proof. As in the uncharged case, see Ref. [2].
THE KINETIC THEORY FOR A SIMPLE, COLLISIONLESS, CHARGED GAS
After discussing the geometrical aspects of the tangent bundle, in this section we apply this framework to the
description of relativistic kinetic theory for a simple charged gas, that is, a collection of classical, spinless particles of
the same positive mass m and the same charge q. Following the same construction as in Ref. [2] for the uncharged case,
we first introduce the Liouville vector field LF and a suitable Hamiltonian function H on the tangent bundle TM. The
integral curves of LF are related to the possible trajectories of the gas particles between collisions. The Hamiltonian H
generates these integral curves via the symplectic form ΩF defined in the previous section. Moreover, the Hamiltonian
defines the mass shell Γm on which the integral curves of LF are restricted. The bundle metric gˆ induces a Lorentzian
metric on Γm on which the Liouville vector field LF is divergence-free. Consequently, LF generates an incompressible
flow on Γm which in turn implies Liouville’s theorem. The distribution function is defined as a nonnegative function
f : Γm →R, which together with LF , can be thought of as defining a fictitious incompressible fluid on Γm with current
density JF = f LF/m. For a collisionless gas JF is divergence-free and Liouville’s equation LF [ f ] = 0 follows.
In contrast to the uncharged case, the Liouville vector field LF adquires a nontrivial vertical component in addition
to the horizontal one, as we show below.
Hamiltonian function and Liouville vector field
The Hamiltonian function for our system is defined as
H(x, p) :=
1
2
gx(p, p), (x, p) ∈ T M. (21)
In conjunction with the symplectic form ΩF this H defines the associated Hamiltonian vector field LF through
dH =−iLF ΩF = ΩF(·,LF ). (22)
Lemma 5. The vector field LF is given by
LF(x,p) = (IH(x,p))
−1(p)+ q(IV(x,p))
−1( ˜Fx(p)), (23)
where ˜F : X (M)→X (M) is defined by g(X , ˜F(Y )) = F(X ,Y ) for all X ,Y ∈X (M).
Proof. This can be shown by a straightforward generalization of Lemma 6 in Ref. [2]. Alternatively, using adapted
local coordinates (xµ , pµ), it follows from Eq. (21) that
dH = 12d
(
gµν pµ pν
)
= gµν pµd pν +
1
2
∂gµν
∂xα p
µ pνdxα = gµν pµθ ν , (24)
where θ ν is defined in Eq. (4). On the other hand, from Eq. (23),
LF = pµeµ + qFµ ν pν
∂
∂ pµ = p
µ ∂
∂xµ +
[
qFµ ν pν −Γµ αβ pα pβ
] ∂
∂ pµ , (25)
where we have used the definition of eµ in Eq. (3). Using the coordinate expression (18) for the symplectic form ΩF
we find from this
ΩF(·,LF) = gµν [θ µdxν(LF)− dxνθ µ(LF )]+ qFµνdxµdxν(LF) = gµνθ µ pν = dH, (26)
which proves the lemma.
From the explicit representation in Eq. (23) it follows that any integral curve (x(λ ), p(λ )) of LF through the point
(x, p) satisfies
∇p p = q ˜F(p), p = x˙(0). (27)
Therefore, the projected curve x(λ ) on M defines a dynamical trajectory of a charged particle on the spacetime
manifold (M,g) in the presence of the electromagnetic field F .
The mass shell and its basic properties
The Hamiltonian function gives rise to the mass shells, which are defined by
Γm := H−1
(
−
1
2
m2
)
= {(x, p) ∈ T M : gx(p, p) =−m2}. (28)
This set defines the energy surface in which the motion of particles of mass m takes place. Since H does not depend
on the electromagnetic field F , it follows that Γm satisfies the same properties as in the uncharged case:
Proposition 1. Let m 6= 0. The set Γm satisfies the following properties:
(i) Γm is a (2n− 1)-dimensional C∞-differentiable manifold.
(ii) Let ˆh be the metric on Γm induced by the bundle metric gˆ. Then (Γm, ˆh) is a Lorentz manifold with unit vector
field N = (IV )−1(p)/m.
(iii) Suppose M is connected, then (M,g) is time-orientable if and only if Γm is disconnected, in which case it is the
disjoint union of two connected components Γ+m and Γ−m .
Proof. See Lemma 5 and 7 in Ref. [2] and Appendix A in Ref. [1].
Remark 1. For the massless case m = 0 the set Γm is smooth except at the vertex points p = 0.
Remark 2. It follows from property (ii) that any horizontal vector field is tangent to Γm.
Remark 3. For the following, we shall assume that (M,g) is connected and time-oriented. In this case the “future”
mass shell can also be written as Γ+m = {(x, p) : x ∈ M, p ∈ P+x }, with the future mass hyperboloids
P+x := {p ∈ TxM : gx(p, p) =−m
2, p future directed}. (29)
Physically, the restriction on Γ+m incorporates the idea that the gas particles move on future directed timelike curves.
A local representation of Γ+m and ˆh can be obtained in the following way: Let (U,φ) be a local chart of (M,g) with
corresponding local coordinates (x0,x1, . . . ,xd), such that for each x ∈U , ∂∂x0
∣∣∣
x
is timelike and all the vectors of the
form pi ∂∂xi
∣∣∣
x
are spacelike. Let (V,ψ) denote the local chart of T M with the corresponding adapted local coordinates
(xµ , pµ), see the comments below Lemma 1. Relative to these local coordinates, the mass shell is determined by
−m2 = gµν(x)pµ pν = g00(x)(p0)2 + 2g0 j(x)p0 p j + gi j(x)pi p j. (30)
Therefore, the future mass shell Γ+m can be locally represented as those (xµ , p0, pi) ∈ ψ(V ) ⊂ R2n for which p0 =
p0+(xµ , pi) with
p0+(x
µ , pi) :=
g0 j(x)p j +
√
[g0 j(x)p j]2 +[−g00(x)] [m2 + gi j(x)pi p j]
−g00(x)
> 0. (31)
In terms of the resulting local coordinates (xµ , pi) on Γ+m , a basis of tangent and co-tangent vectors adapted to the
splitting (6) is given by
eˆµ :=
∂
∂xµ −Γ
k
µβ pˆβ
∂
∂ pk ,
∂
∂ pi , (32)
and
dxµ , ˆθ i := d pi +Γiαβ pˆβ dxα (33)
for µ = 0,1, . . .d and i = 1, . . .d, where we have defined pˆ0 := p0+(xµ , p j) and pˆ j := p j. Using this notation, the
induced metric ˆh in the local coordinates (xµ , pi) has the form [2]
ˆh = gµνdxµ ⊗ dxν +
(
gi j −
2
pˆ0
g0(i pˆ j)+
1
pˆ20
g00 pˆi pˆ j
)
ˆθ i⊗ ˆθ j, (34)
where here pˆi := gi0(x)pˆ0 + gi j(x)pˆ j , and
pˆ0 := p+0(xµ , pi) =−
√
[g0 j(x)p j]2 +[−g00(x)] [m2 + gi j(x)pi p j]. (35)
The volume form ηΓm induced by the metric ˆh can be written as [2]
ηΓm =
m
pˆ0
det(gµν)dx0∧dx1∧ . . .∧dxd ∧d p1∧ . . .∧d pd. (36)
Finally, we note that the Liouville vector field is tangent to the mass shell Γm since dH(LF) = ΩF(LF ,LF) = 0.
Therefore, we may also regard LF as a vector field on Γm. In terms of the local coordinates (xµ , pi) it has the form
LF = pˆµ eˆµ + qF iν pˆν
∂
∂ pi = pˆ
µ ∂
∂xµ +
[
qF iν pˆν −Γiαβ pˆα pˆβ
] ∂
∂ pi . (37)
This vector field is divergence-free on (Γm, ˆh), as the next theorem shows.
Theorem 1 (Liouville’s theorem, cf. [8]). The Liouville vector field LF , when restricted to Γm, satisfies
divLF = 0, (38)
where the divergence operator refers to the Lorentz manifold (Γm, ˆh).
Proof. The proof is based on Lemma 4 and proceeds along the same lines as in the uncharged case, see Theorem 1 in
Ref. [2].
Distribution function and associated current density
As for the uncharged case, we introduce the distribution function f : Γ+m → R, f ≥ 0, and the associated current
density
JF := f LF
m
∈X (Γ+m). (39)
Like the Liouville vector field LF , the current density acquires a vertical component in the charged case. Taking into
account the expression in Eq. (23), JF can be decomposed as
JF = f L
m
+ f q(IV )−1 ( ˜F(p/m)) , (40)
where L = (IH)−1(p) is the Liouville vector field in the absence of charges, which is horizontal and satisfies gˆ(L,L) =
−m2. The splitting (40) is analogous to what occurs in the familiar decomposition of the current density into advection
and conduction currents, where the horizontal part f L/m plays the role of the advection current. Note that the vertical
part is proportional to the vertical lift of ˜F(p/m) where the latter is the electric field measured by the charged particles.
Given a smooth, 2d-dimensional spacelike hypersurface Σ in Γ+m with unit normal vector field ν , the flux integral
N[Σ] :=−
∫
Σ
ˆh(JF ,ν)ηΣ (41)
physically represents the ensemble average of occupied trajectories that intersect Σ, where here ηΣ is the volume
element on Σ induced by the metric ˆh.1
T
ΣT
Σ0
Σt
JF
FIGURE 2. The tubular region V obtained by the flow of the spacelike compact hypersurface Σ0 along JF . By construction JF
is tangent to T and thus its flow through T vanishes.
For a tubular region V =
⋃
0≤t≤T Σt which is obtained by letting flow along the integral curves of JF a 2d-
dimensional, spacelike hypersurface Σ0 in Γ+m , the boundary of V consists of the initial and final hypersurfaces Σ0
and ΣT and the cylindrical piece, T :=
⋃
0≤t≤T ∂Σt , see Figure 2. As a consequence of Gauss’ theorem, we obtain
N[ΣT ]−N[Σ0] =
∫
V
(divJF)ηΓm . (42)
The expression on the left-hand side of this equation is equal to the ensemble average of the net change in number of
occupied trajectories between Σ0 and ΣT due to collisions. For the particular case of a collisionless gas it follows from
Eq. (42) that divJF = 0. Taking into account the definition of JF and Theorem 1, this implies that the distribution
function f must satisfy the Liouville equation
LF [ f ] = 0. (43)
1 The minus sign comes from the timelike character of JF and ν , implying that ˆh(JF ,ν) is negative if they point in the same component of the
light cone.
Observables derived from the distribution function
The current density JF on the mass shell Γ+m gives rise to a natural, physically observable current J on the
spacetime. In order to explain this, we consider a d-dimensional spacelike hypersurface S in (M,g) with unit normal
vector field s. This surface can be lifted to a 2d-dimensional hypersurface Σ of Γ+m , defined as
Σ := {(x, p) : x ∈ S, p ∈ P+x } ⊂ Γ+m (44)
with associated unit normal vector field ν := (IH)−1(s) (see Ref. [2]). Now let us compute the ensemble average of
occupied trajectories that intersect this hypersurface Σ. Assuming for simplicity that S is entirely contained inside a
coordinate neighborhood of M we have, in adapted local coordinates,
ν = (IH)−1(s) = sµ eˆµ ,
and together with the expression (36) this yields
ηΣ = iν ηΓm =
m
pˆ0
det(gµν)
1
d!s
µ0 εµ0µ1...µd dx
µ1 ∧ . . .∧dxµd ∧d p1∧ . . .∧d pd = m(isη)∧pix, (45)
where we have introduced the natural volume element η on (M,g), defined by
η :=
√
−det(gµν)dx0∧dx1∧ . . .∧dxd ,
and the natural volume element on the future mass hyperboloid P+x , defined by
pix :=
√
−det(gµν)
− pˆ0
d p1∧ . . .∧d pd.
Using the local splitting (45), it follows that the integral of any sufficiently smooth and fast decaying function F over
a hypersurface Σ of the form (44) can be computed as
∫
Σ
FηΣ = m
∫
S

∫
P+x
Fpix

ηS, (46)
with ηS := isη the induced volume element on S. This Fubini-type formula still holds true if the surface S is not
included in a coordinate chart, as can be shown by using a partition of unity. In particular, choosing F(x, p) :=
−ˆh(x,p)(JF ,ν) = gx(p,s)/m it follows that
N[Σ] =−
∫
Σ
ˆh(JF ,ν)ηΣ =−
∫
S
g(J,s)ηS, (47)
where the current density J ∈X (M) is defined as
Jx(ω) :=
∫
P+x
f (x, p)ω(p)pix, ω ∈ T ∗x M. (48)
This vector field J can be interpreted as the first moment of the distribution function in momentum space. Its flux
integral through the hypersurface S is equal to the flux integral of JF through Σ which is equal to N[Σ]. Obviously
however, the vector field JF on Γ+m contains much more information than J since it allows one to compute N[Σ]
for arbitrary 2d-dimensional spatial hypersurfaces of Γ+m and not just those which are of the form (44). Note that in
contrast to JF , the physically observable current J does not depend on the electromagnetic field F . The reason for
this relies in the fact that in the flux integral (47) ν is horizontal while the electromagnetic field only contributes to the
vertical component of JF .
The next result shows that the divergence of J is also related to the divergence of JF through a fibre integral, and
implies that J is conserved.
Proposition 2. Let f : Γ+m → R be a C∞-function of compact support on the future mass shell. Then, the following
identity holds for all x ∈ M:
divJx = m
∫
P+x
divJF(x, p)pix. (49)
Proof. As in the uncharged case, see Ref. [2].
As a consequence of Proposition 2 and the fact that mdiv(JF) = div( f LF ) = LF [ f ], we have
divJx =
∫
P+x
LF [ f ](x, p)pix, (50)
implying that J is conserved if the distribution function f satisfies the Liouville equation LF [ f ] = 0.
The identity (50) can be generalized to arbitrary moments of the distribution function, defined by the following
s-rank contravariant symmetric tensor field T on M:
Tx(ω1, . . . ,ωs) :=
∫
P+x
f (x, p)ω1(p) · · ·ωs(p)pix, ω1, . . . ,ωs ∈ T ∗x M. (51)
Proposition 3. Let f : Γ+m → R be a C∞-function of compact support on the future mass shell. Then, the following
identity holds for all x ∈ M and all ω2, . . . ,ωs ∈ T ∗x M:
(divT )x(ω2, . . . ,ωs) =
∫
P+x
LF [ f ](x, p)ω2(p) · · ·ωs(p)pix + q(s− 1)
∫
P+x
f (x, p)ω(2( ˜F(p))ω3(p) · · ·ωs)(p)pix, (52)
where the round parenthesis denote total symmetrization, and where ˜F has been defined in Lemma 5.
Proof. Fix s − 1 one-forms ω2, . . . ,ωs on M and replace the function f (x, p) with the function A(x, p) :=
f (x, p)ω2x (p) · · ·ωsx(p) on both sides of Eq. (50), noticing that this procedure replaces J with the vector field
T (·,ω2, . . . ,ωs) on M. Then, using adapted local coordinates we obtain from Eq. (50),
∇µ1
(
T µ1µ2...µs ω2µ2 · · ·ω
s
µs
)
=
∫
P+x
LF [ f ω2(p) · · ·ωs(p)]pix,
or (
∇µ1T µ1µ2...µs
)
ω2µ2 · · ·ω
s
µs +T
µ1µ2...µs
(
∇µ1ω2µ2 ·ω
3
µ2 · · ·ω
s
µs + . . .+ω
2
µ2 · · ·ω
s−1
µs−1∇µ1 ω
s
µs
)
=
∫
P+x
LF [ f ]ω2(p) · · ·ωs(p)pix
+
∫
P+x
f (x, p)LF [ω2(p)]ω3(p) · · ·ωs(p)pix + . . .+
∫
P+x
f (x, p)ω2(p) · · ·ωs−1(p)LF [ωs(p)]pix.
Now the proposition follows by using the coordinate expression (25) for LF and noticing that
LF [ω(p)] = pµ pν∇µ ων + qFν µ pµων .
As has been discussed in Refs. [7, 1] the relevant observables for the Einstein-Maxwell-Vlasov system are the
physically observable current density J and the stress-energy tensor, corresponding to the tensor field T defined in
Eq. (51) with s = 2. In adapted local coordinates these observables take the form:
Jµx =
∫
P+x
f (x, p)pµ pix, T µνx =
∫
P+x
f (x, p)pµ pνpix. (53)
At any given event x ∈ M for which f (x, ·) is not identically zero, the current density Jx is future-directed timelike.
Furthermore, the stress-energy tensor satisfies the weak, the strong and the dominant energy conditions, see Lemma 7
in Ref. [1].
SYMMETRIES OF THE DISTRIBUTION FUNCTION
In a previous article [2], see also Refs. [13, 14], we discussed in detail how to lift one-parameter groups of diffeo-
morphisms of the spacetime manifold M to the tangent bundle T M. This lift induces a lift X (M)→X (T M),ξ 7→ ˆξ
of the corresponding generator ξ . In particular, for symmetry groups S, that is, one-parameter groups of isometries
of (M,g), it follows that the lifted group is an isometry group of (T M, gˆ). Using this lift, we define the distribution
function f to be S-symmetric if f is invariant with respect to the lifted group, that is, if £
ˆξ f = 0. As we have discussed
in [2], this definition is compatible with the imposition of the Liouville equation £L f = 0, since [L, ˆξ ] = 0 whenever
ξ is a Killing vector. Moreover, it also follows that the infinitesimal generator ˆξ is tangent to the mass shell Γm, and
thus Γm is invariant under the associated flow. Finally, it was shown that ˆξ generates symplectic transformations on
(T M,Ωs), a property that was exploited in the construction of explicit solutions of the Liouville equation on a Kerr
black hole background.
In this section, we analyze the impact of the electromagnetic field upon the symmetry properties of the distribution
function associated to a collisionless, charged gas. We show that the main properties described above remain satisfied
provided the electromagnetic field F is S-symmetric, that is, if £ξ F = 0.
For an arbitrary vector field ξ ∈X (M) on the spacetime manifold M, the lifted field ˆξ ∈X (T M) can be defined
as [2]
ˆξ := (IH)−1(ξ )+ (IV )−1(∇pξ ), (54)
and in adapted local coordinates (xµ , pµ) this expression reduces to
ˆξ = ξ µeµ +∇pξ µ ∂∂ pµ = ξ
µ ∂
∂xµ + p
α ∂ξ µ
∂xα
∂
∂ pµ . (55)
The lift satisfies the following properties:
Proposition 4 ([12, 2]). Let ξ ,η ∈X (M) be vector fields on M. Then, the lifted vector fields ˆξ , ηˆ ∈X (T M) satisfy
(i) [ ˆξ , ηˆ ] = ˆζ where ζ := [ξ ,η ].
(ii) ˆξ is a Killing vector field on (T M, gˆ) if and only if ξ is a Killing vector field on (M,g).
(iii) dH(x,p)( ˆξ ) = gx(p,∇pξ ) for all (x, p) ∈ T M.
The first property shows that the lift preserves the commutator. Together with the second property this implies that
Lie groups of isometries of (M,g) lift to Lie-groups of isometries of (T M, gˆ). The third property means that if ξ is
Killing, then dH( ˆξ ) = 0 and thus ˆξ is tangent to Γm.
Let ξ ∈ X (M) be Killing vector field of the spacetime manifold (M,g) which generates a one-parameter group
S of isometries, and let ˆξ ∈ X (T M) be the corresponding lifted vector field on (T M, gˆ). We define the distribution
function f to be S-symmetric if it is invariant with respect to the flow generated by ˆξ , that is, if
£
ˆξ f = 0. (56)
For the case that f satisfies the Liouville equation for a charged gas, it follows from LF [ f ] = 0 and Eq. (56) that
£
[LF , ˆξ ] f = 0, (57)
which is a constraint on f . A direct calculation using adapted local coordinates and the commutation relation (5)
reveals that
[LF , ˆξ ] = pα pβ [∇α ∇β ξ µ −Rµαβ νξ ν] ∂∂ pµ − q(£ξ F µ α)pα ∂∂ pµ . (58)
Whenever ξ is a Killing vector field of (M,g), the expression inside the square parenthesis vanishes. Therefore, for an
uncharged gas, the Killing property of ξ guarantees that the constraint (57) holds identically. However, for the charged
case, the Killing property of ξ is not sufficient for the vanishing of the commutator [LF , ˆξ ], it requires the additional
condition of the vanishing of the Lie-derivative of F with respect to ξ .
Finally, we show that the flow generated by ˆξ is symplectic if the corresponding flow on the spacetime manifold
leaves both the metric and the electromagnetic field invariant.
Proposition 5. Let ξ ∈ X (M) be the generator of a one-parameter group of isometries on (M,g) which leaves the
electromagnetic potential A invariant. Then, the lifted vector field ˆξ satisfies the identity
i
ˆξ ΩF =−dP, P := ΘA( ˆξ ), (59)
where the one-form ΘA is defined in Eq. (19). In particular, ˆξ is the infinitesimal generator of a symplectic flow on
T M, that is £
ˆξ ΩF = 0.
Proof. Applying the interior derivative i
ˆξ on both sides of ΩF = dΘA, we obtain
i
ˆξ ΩF = £ ˆξ ΘA− di ˆξ ΘA = £ ˆξ ΘA− dP, (60)
where we have used the Cartan identity in the first step. Using the coordinate expression
ΘA = (gµν pν + qAµ)dxµ (61)
and the explicit form for ˆξ given in Eq. (55) a short calculation reveals that
£
ˆξ ΘA = (p
ν£ξ gµν + q£ξ Aµ)dxµ ,
which vanishes according to our assumptions. Therefore, i
ˆξ ΩF = −dP follows. Applying the exterior derivative
operator d on both sides of this equation yields £
ˆξ Ωs = 0, which shows that ˆξ generates a symplectic flow on T M.
An important consequence of this proposition is that the quantity P = ΘA( ˆξ ) is conserved along the Liouville flow
if ξ is a Killing vector field of (M,g) and at the same time £ξ A = 0. This follows from the well-known identity
dP(LF) = ΩF(LF , ˆξ ) =: {H,P}=−{P,H}=−ΩF( ˆξ ,LF) =−dH( ˆξ ) (62)
which shows that P is conserved along the Liouville flow if and only if the Poisson bracket {H,P} between H and
P is zero which is the case if and only if dH( ˆξ ) = 0. The latter condition is a consequence of Proposition 4(iii) and
the fact that ξ is Killing. Using standard arguments from Hamiltonian mechanics [15], {H,P} = 0 implies that the
corresponding Hamiltonian vector fields LF and ˆξ commute with each other. This provides an alternative, more elegant
explanation for the compatibility of the condition (56) with the Liouville equation LF [ f ] = 0.
APPLICATION: COLLISIONLESS DISTRIBUTION FUNCTIONS ON A
KERR-NEWMAN BACKGROUND
As an application of our formalism, in this section, we discuss the Liouville equation LF [ f ] = 0 on a Kerr-Newman
background describing a charged, rotating black hole configuration. For the uncharged case, we showed in Ref. [2] that
the Liouville vector field can be trivialized by means of a suitable symplectic transformation on the tangent bundle.
This symplectic transformation was constructed by finding a complete solution of the Hamilton-Jacobi equation which,
as a consequence of the Killing structure of spacetime [16], is separable [17].
Here we generalize the method discussed in Ref. [2] to the charged case. The main difference between the charged
and the uncharged case lies in the fact that the vector p in the definition of the Hamiltonian function H(x, p) in
Eq. (21) represents the physical momentum which is different from the canonical momentum pi . In the charged case,
the canonical momentum pi is given by the one-form
pi := g(p, ·)+ qA, (63)
where A is the electromagnetic potential one-form. In terms of adapted local coordinates (xµ , pµ) the symplectic form
ΩF defined in Eq. (17) is
ΩF = dpiµ ∧dxµ , piµ = gµν pν + qAµ , (64)
and (xµ ,piµ) are symplectic coordinates on T M. The Hamilton-Jacobi equation reads
gµν pµ pν =−m2, pµ =
∂S
∂xµ − qAµ , (65)
where S : M → R is the generating function on (M,g). Parametrizing the Kerr-Newman metric in terms of Boyer-
Lindquist coordinates (see, for instance, Refs. [18, 19]) this yields
−
1
∆
[
(r2 + a2H)
(∂S
∂ t − qAt
)
+ aH
( ∂S
∂ϕ − qAϕ
)]2
+
[
1
sinϑ
( ∂S
∂ϕ − qAϕ
)
+ aH sinϑ
(∂S
∂ t − qAt
)]2
+ ∆
(∂S
∂ r
)2
+
( ∂S
∂ϑ
)2
=−m2
(
r2 + a2H cos
2 ϑ
)
, (66)
where the quantity ∆ is defined as
∆ := r2− 2mHr+ a2H + q2H ,
the non-vanishing components of the electromagnetic potential are
At =
qHr
r2 + a2H cos
2 ϑ
, Aϕ =−
qHaHr sin2 ϑ
r2 + a2H cos
2 ϑ
,
and where mH , aH and qH denote the mass, rotation parameter and charge of the black hole, respectively.
The two commutating Killing vector fields
k = ∂∂ t , l =
∂
∂ϕ
generate isometries with respect to time translations and rotations, respectively, and their flows also leave the electro-
magnetic potential A invariant. It follows from the remarks below Proposition 5 that the quantities
E := −ΘA(ˆk) =−pt − qAt =−pit ,
ℓz := ΘA(ˆl) = pϕ + qAϕ = piϕ
are constant along the trajectories. Therefore, we make the following ansatz for the generating function:
S =−Et + ℓzϕ + S′(r,ϑ). (67)
Substituting this into Eq. (66) yields
1
∆
[
(r2 + a2H)E − aHℓz + qqHr
]2
−m2r2−∆
(∂S′
∂ r
)2
=
(
ℓz
sinϑ − aH sinϑE
)2
+m2a2H cos
2 ϑ +
(∂S′
∂ϑ
)2
, (68)
where we have used the fact that aH sinϑAt +Aϕ/sinϑ = 0 and (r2 + a2H)At + aHAϕ = qHr. Remarkably, as noted in
Ref. [17], this equation is separable: If we set S′(r,ϑ) = Sr(r)+Sϑ (ϑ) it follows that the left-hand side of Eq. (68) is a
function of r only, while the right-hand side is a function of ϑ only. Therefore, both sides are constant, and we obtain(
dSr
dr
)2
=
R(r)
∆(r)2 , R(r) :=
[
(r2 + a2H)E− aHℓz + qqHr
]2
−∆(m2r2 + ℓ2),
(
dSϑ
dϑ
)2
= Θ(ϑ), Θ(ϑ) := ℓ2−
(
ℓz
sinϑ − aH sinϑE
)2
−m2a2H cos
2 ϑ ,
where ℓ2 is the Carter constant.2 It follows that the generating function is, formally,
S(t,ϕ ,r,ϑ ,m,E, ℓz, ℓ) =−Et + ℓzϕ +
r∫ √
R(r)
dr
∆(r) +
ϑ∫ √
Θ(ϑ)dϑ . (69)
According to the general theory of Hamilton-Jacobi [15], this function generates a symplectic transformation
(t,ϕ ,r,ϑ ,pit ,piϕ ,pir,piϑ ) 7→ (Q0,Q1,Q2,Q3,P0,P1,P2,P3), (70)
2 Note that in the non-rotating limit, ℓ2 = p2ϑ + p2ϕ/sin
2 ϑ , so ℓ is the total angular momentum in this case.
where the new variables (Qa,Pa) are defined as
P0 := m, P1 := E, P2 := ℓz, P3 := ℓ, (71a)
Q0 := ∂S∂m =−m
r∫
r2dr√
R(r)
−ma2H
ϑ∫
cos2 ϑdϑ√
Θ(ϑ)
, (71b)
Q1 := ∂S∂E =−t +
r∫
(r2 + a2H)A(r)√
R(r)
dr
∆(r) + aH
ϑ∫ B(ϑ)√
Θ(ϑ)
dϑ , (71c)
Q2 := ∂S∂ℓz = ϕ − aH
r∫ A(r)√
R(r)
dr
∆(r) −
ϑ∫ B(ϑ)√
Θ(ϑ)
dϑ
sin2 ϑ
, (71d)
Q3 := ∂S∂ℓ =−ℓ
r∫ dr√
R(r)
+ ℓ
ϑ∫ dϑ√
Θ(ϑ)
, (71e)
with the functions A(r) := (r2 +a2H)E−aHℓz+qqHr and B(ϑ) := ℓz−aH sin2 ϑE . In fact, it can be easily verified that
the transformation (70) leaves the symplectic form ΩF in Eq. (64) invariant. Since H = −m2/2 = −P20 /2, it follows
from the Hamiltonian equations that the quantities Q1,Q2,Q3,P0,P1,P2,P3 are constant along the trajectories and that
˙Q0 = ∂H∂m =−m. (72)
Consequently, the Liouville vector field in these new coordinates assumes the simple form
LF =−m
∂
∂Q0 . (73)
This offers an enormous simplification for the determination of a collisionless charged distribution function. In terms
of the new coordinates the Liouville equation is equivalent to the statement that the distribution function has form:
f (x, p) = G(Q1,Q2,Q3,P0,P1,P2,P3), (74)
for an arbitrary smooth function G. Finally, we notice that the natural lift defined in Eq. (54) of the Killing vector fields
k and l is simply
ˆk =− ∂∂Q1 ,
ˆl = ∂∂Q2 . (75)
Therefore, the distribution function f in Eq. (74) is stationary if and only if G is independent of Q1, and it is
axisymmetric if and only if G is independent of Q2.
It should be mentioned that our analysis has been formal. In general, the generating function S, and as a consequence
also the functions Q0, . . . ,Q3 are multi-valued. Therefore, appropriate periodicity conditions on G need to be specified
in order for the distribution function to be well-defined. Specific applications will be discussed in future work.
CONCLUSIONS
In this work, using the geometrical structure that the tangent bundle acquires from the spacetime (M,g), we
developed the relativistic kinetic theory of a simple, collisionless, charged gas. It is perhaps remarkable to note
that even though the theory is more complex due to the electromagnetic force exerted between the charged particle,
nevertheless as far the geometrical description of the theory is concerned, it only required the modification of the
symplectic form. Since moreover the Hamiltonian has the same form as for the uncharged case, the natural metric gˆ
on T M leads to a free of ambiguities, natural integration theory on the associated mass shells. Accordingly, and in
parallel to what occurs for the uncharged case, a relativistic simple charged gas from the perspective of the tangent
bundle can be interpreted as the flow of an incompressible fictitious fluid in the mass shell with the distribution function
playing the role of a particle density. Observables for the charged case are also defined as fiber integrals involving the
distribution function.
As for the uncharged case, the bundle metric gˆ offers the means to provide a useful connection between the
symmetries of the background metric g, the symmetries of the electromagnetic field F and the symmetries of the
distribution function. Using this connection, we have constructed the most general collisionless distribution function
on a Kerr-Newman black hole spacetime. This construction takes into account the spacetime symmetries of the Kerr-
Newman metric and associated background elecromagnetic field combined with the separability of the Hamilton-
Jacobi equation. These results extend in a natural way those obtained in Ref. [2].
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